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Abstract 

In this paper, we define a new metric on Cartan manifolds and obtain a Kahler 
structure on their cotangent bundles. We prove that on a Cartan manifold M of 
negative constant flag curvature, (T* Mo,G, J) has a Kahlerian structure. For Cartan 
manifolds of positive constant flag curvature, we show that the tube around the zero 
section has a Kahlerian structure. Finally by computing the Levi-Civita connection 
and components of curvature related to this metric, we show that there is no non- 
Riemannian Cartan structure such that (T*Mo,G,J) became a Einstein manifold or 
locally symmetric manifoldQ 

Keywords: Cartan space, Kahler structure, symmetric space, Einstein manifold. 

1 Introduction 

The modern formulation of the notion of Cartan spaces is due to the R. Miron (T^] , [H] > [2] • 
Based on the studies of E. Cartan, A. Kawaguchi [7], R. Miron [11], [IS], [14], S. Vacaru [19], 
[20] . [21]. D. Hrimiuc and H. Shimada [5], [6], P.L. Antonelli and M. Anastasiei [2], [9], [TP] , 
etc., the geometry of Cartan spaces is today an important chapter of differential geometry. 

Analytical Mechanics and some theories in Physics brought into discussion regular La- 
grangians and their geometry [5J . Regular Lagrangian which is 2-homogeneous in velocities 
is nothing but the square of a fundamental Finsler function and its geometry is Finsler ge- 
ometry. This geometry was developed since 1918 by P. Finsler, E. Cartan, L. Berwald, H. 
Akbar-Zadeh and many others, see [5] and the most recent graduate texts [T] [3] [T7] [IB] ■ On 
the other hand, there is a strong linkage among Finsler, Hamilton and Cartan geometries 
[16) . For example, Anastasiei and Vacaru provide a method of converting Lagrange and 
Finsler spaces and their Legendre transforms to Hamilton and Cartan spaces into almost 
Kahler structures on tangent and cotangent bundles [3] . But in Mechanics and Physics there 
exists also regular Hamiltonians whose geometry is also useful. This geometry is mainly due 
to Miron, and it is now systematically presented in the monograph [llj . A manifold endowed 
with a regular Hamiltonian which is 2-Homogeneous in momenta was called a Cartan space. 

Let us denote the Hamiltonian structure on a manifold M by (M, H(x,p)). If the funda- 
mental function H(x,p) is 2-homogeneous on the fibres of the cotangent bundle (T*M,M), 
then the notion of Cartan space is obtained. It is remarkable that these spaces appear as 
dual of the Finsler spaces, via Legendre transformation. Using this duality several impor- 
tant results in the Cartan spaces can be obtained: the canonical nonlinear connection, the 
canonical metrical connection, etc. Therefore, the theory of Cartan spaces has the same 
symmetry and beauty like Finsler geometry Moreover, it gives a geometrical framework for 
the Hamiltonian theory of Mechanics or Physical fields. 
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Let (M,K) be a Cartan space on a manifold M and r := \K 2 . Let us define the 
symmetric M- tensor field Gy := hgij + ^p~PiPj on T*Mq, where v is a real valued smooth 
function defined on [0, oo) C K and a and /3 are real constants. Then we can define the 
following Riemannian metric on T*Mq 

G = Gijdx l dx j + G ij 6piSpj, 

where G 1 -' is the inverse of Gij. Then wc define an almost complex structure J on T*Mq by 
J(Si) = G lk 8 k and J(#) = -G lk 5 k . 

In this paper, we prove that (T* Mq, G, J) is an almost Kahlerian manifold. Then we 
show that the almost complex structure J on T*M$ is integrable if and only if M has 
constant scalar curvature c and the function v is given by v — —cap 2 . We conclude that 
on a Cartan manifold M of negative constant flag curvature, (T*Mq, G, J) has a Kahlerian 
structure. For Cartan manifolds of positive constant flag curvature, we show that the tube 
around the zero section has a Kahlerian structure (see Theorem 13.51) . 

Then we find the Levi-Civita connection V of the metric G. For the connection V, we 
compute all of components curvature. For a Cartan space (M, K) of constant curvature c, 
we prove that in the following cases (M, K) reduces to a Riemannian space: (i) for c < 0, 
(T*M ,G, J) became a Kahler Einstein manifold, (ii) for c > 0, (T^M ,G, J) became a 
Kahler Einstein manifold, where T^Mq is the tube in T*Mq. It results that, there is not 
any non- Riemannian Cartan structure such that (T* Mo, G, J) became a Einstein manifold 
(see Theorem 14. ID . 

Finally, for a Cartan space (M, K) of constant curvature c, we prove that in the follow- 
ing cases (M, K) reduces to a Riemannian space: (i) for c < 0, (T*M , G, J) is a locally 
symmetric Kahler manifold, (ii) for c > 0, (T^Mq, G, J) is a locally symmetric Kahler man- 
ifold. Then we conclude that there is not any non-Riemannian Cartan structure such that 
(T*Mo, G, J) became a locally symmetric manifold (see Theorem I4.3[) . 

2 Preliminaries 

Let M be an n-dimensional G°° manifold and tt* : T*M — > M its cotangent bundle. If (x 1 ) 
are local coordinates on M, then (x l ,pi) will be taken as local coordinates on T*M with 
the momenta (pi) provided by p — pidx 1 where p £ T*M, x — (x 1 ) and (dx l ) is the natural 
basis of T*M. The indices fc, . . . will run from 1 to n and the Einstein convention on 
summation will be used. 

Put di :— and d l := Then (di,d l ) be the natural basis in T( XiP )T*M and 

(dx\dpi) be the dual basis of it. The kernel V^ x ^ of the differential dn* : T( x p )T*M — > T X M 
is called the vertical subspace of T^ x p ^T*M and the mapping (x,p) — > V( x _ p j is a regular 
distribution on T* M called the vertical distribution. This is integrable with the leaves 
T*M, x e M and is locally spanned by d\ The vector field G* = Pid % is called the 
Liouville vector field and w = pidx % is called the Liouville 1-form on T*M. Then doj is the 
canonical symplectic structure on T*M . For an easer handling of the geometrical objects 
on T*M it is usual to consider a supplementary distribution to the vertical distribution, 
(x,p) — > -ZV^ p), called the horizontal distribution and to report all geometrical objects on 
T*M to the decomposition 

T (x , p) T*M = N (x , p) (BV {x , p) . (1) 

The pieces produced by the decomposition (TTJ) are called d-geometrical objects (d is for 
distinguished) since their local components behave like geometrical objects on M, although 
they depend on x = (x l ) and momenta p = (pi). 
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The horizontal distribution is taken as being locally spanned by the local vector fields 



di — di + Nij&p)^. (2) 

The horizontal distribution is called also a nonlinear connection on T* M and the functions 
(Nij) are called the local coefficients of this nonlinear connection. It is important to note that 
any regular Hamiltonian on T*M determines a nonlinear connection whose local coefficients 
verify Nij — Nji- The basis ((^,<9 4 ) is adapted to the decomposition ([I}. The dual of it is 
(dx 1, ,5Pi), for Spi — dpi — Njidx 3 . 

A Cartan structure on M is a function K : T*M — > [0, oo) which has the following 
properties: (i) K is C°° on T*M = T*M - {0}; (ii) K{x, Xp) = \K(x,p) for all A > and 
(iii) the nxn matrix (<? y ), where g %3 {x,p) — \d l d 3 K 2 '{x , p) , is positive definite at all points 
of T*M . We notice that in fact K(x,p) > 0, whenever p ^ 0. The pair (M, K) is called a 
Cartan space. Using this notations, let us define 

p l = -d l K 2 and C ijk = --d i d j d k K 2 . 
2 4 

The properties of K imply that 

P l = 9 n Vh Pi = 9ijV J , K 2 = g l] p l p J = p l p > , 

C ijk pk = C ikj pk = C kij pk = Q (3) 

One considers the formal Christoffel symbols by 

l}k(x,p) ■= ^9 ls {dk9js + djg sk ~ d s g jk ), (4) 

and the contractions Jj k (x,p) := r yj k (x,p)pi, j° Q :— r fj k PiP k ■ Then the functions 

Nij(x,p) = 7y(aj,p) - 7jpfho{x,p)d h gij(x,p), (5) 

define a nonlinear connection on T*M . This nonlinear connection was discovered by R. 
Miron [12] . Thus a decomposition (JXJ) holds. From now on we shall use only the nonlinear 
connection given by ([5]). 

A linear connection D on T*M is said to be an TV- linear connection if D preserves by 
parallelism the distribution N and V, also we have DO = 0, for 8 = Spi A dx % . One proves 
that an N- linear connection can be represented in the adapted basis (Si, d l ) in the form 

D Sj S i = H^S j , Ds.d* = -Hijd k , (6) 
Dg i 5 i = V kj 6 k , (7) 

where V kl is a d-tensor field and H^(x,p) behave like the coefficients of a linear connection 
on M. The functions H k j and V k] define operators of /i-covariant and w-covariant derivatives 
in the algebra of rf-tensor fields, denoted by i k and | fc , respectively. For g lJ these are given 

by 

//"a <W • g-'HU • //V/;.. (8) 

g ij | k = Qk g ij + g sj y^k + yjk (g) 

An iV-linear connection given in the adapted basis (5i,d J ) as DT(N) = (H^ k , Vj k ) is called 
metrical if 

9 l \k = 0, 9 ij \ k =0- (10) 
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One verifies that the TV-linear connection CT(N) = (Hj k ,C* k ) with 

H )k = -^9 ls {5 3 9sk + S k 9js - S s g jk ), (11) 
Ct = -\gis{d j g sk + n L ; r' - d s tf k ) = g is C^ k , (12) 

is metrical and its /i-torsion T] k := H l jk - H l kj = 0, v-torsion Sf k := C 3k - C kj = and 
deflection tensor Ay = Nij — p k H k j = 0. Moreover, it is unique with these properties. 
This is called the canonical metrical connection of the Cartan space (M, K). It has also the 
following properties: 

Kfj : = S,K 2 = 0, K 2 \i=2pi, (13) 
Pi\ j =p] j = 0, Pi\ j =6j, p^=g». (14) 

R kij P k = o, p; k p 3 = o, r;, : //;,. nw,,. (15) 

5ig jk = H s jt g sk + H s kl g Js . (16) 

3 Kahler Structures on T*M 

Suppose that 

r:=^K 2 = ^(x,p)p tP] , (17) 

we consider a real valued smooth function v defined on [0, oo) c R and real constants a 
and (3. We define the following symmetric M-tensor field of type (0,2) on T*Mq having the 
components 

Gij ~-p9ij + ^j-PiPj- (18) 

It follows easily that the matrix (Gij) is positive definite if and only if a, j3 > 0, a+2rv > 0. 
The inverse of this matrix has the entries 

G kl =Pg kl --^—p k p l . (19) 



The components G define symmetric M-tensor field of type (0,2) on T*Mq. It is easy to 
see that if the matrix (Gij) is positive definite, then matrix (G kl ) is positive definite too. 
Using (Gij) and (G 4 - 7 ), the following Ricmannian metric on T*Mo is defined 



G = G l] dx t dx 3 + G l3 5pi8pj. (20) 
Now, we define an almost complex structure J on T*M by 

J(Si) = G lk 8 k , 3(8') = -G tk S k . (21) 
It is easy to check that J 2 = —I. 

Theorem 3.1. (T* M n ,G, J) is an almost Kdhlerian manifold. 
Proof. Since the matrix (H kl ) is the inverse of the matrix (Gij), then we have 
G(JSi, J6j) = Gi k Gj r G(d ,d ) — Gi k Gj r G kr = Gij = G(5i,5j). 

The relations 

G(Jd\ Jd J ) = G0\&), G(J6 t , J&) = G(6 i ,d j ) = 0, 
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may be obtained in a similar way, thus 

G(JX,JY) =G(X,Y), VX,Y G T(T*M ). 

This means that G is almost Hcrmitian with respect to J. The fundamental 2-form associ- 
ated by this almost Kahler structure is f2, defined by 

6{X,Y) := G{X, JY), yX,Y eT{T*M ). 

Then we get 

0(0*,^) = G{d\JS 3 ) = G(d\G ]k d k ) = G lk G jk = 5), 

and 

e{8 i ,5 j ) = e0 i ,&) = o. 

Hence, we have 

9 = S Pl Adx l , (22) 
that is the canonical symplectic form of T*M. □ 

Here, we study the integrability of the almost complex structure defined by J on T*M. 
To do this, we need the following lemma. 

Lemma 3.2. (|ll| | 15 j ) Let (M,K) be a Cartan space. Then we have the following: 

(1) [S i ,5 j ] = R ki jd lt , 

(2) [5 i ,&] = -(&N ik )d k , 

(3) [#,#]=0, 

where R k i 3 = 8jN ki - 5iN kj . 

Theorem 3.3. Let (M, K) be a Cartan space. Then J is a complex structure on T*Mq if 
and only if A k ij = and 

v 
a/3 

where A kij = 5iGj k - 8jG lk + G lT d r N. ]k - G jr d r N ik 



= ~Za2(SikPj ~ 9jkPi), (23) 



Proof. Using the definition of the Nijenhuis tensor field Nj of J, that is, 

Nj{X, Y) = [JX, JY] - J[JX, Y] - J[X, JY] - [X, Y], VX, Y G T(T*M) 

we get 

NjfaSj) = A hij H hk S k + (B kij - R kl] )d k , (24) 
where B ki j — Gi r d r Gj k — Gj r d r Gi k . Let Cj k := gjig sk C rls , then we have 

d r g jk = -g 3 ig sk d r g ls = 2 gjl g sk C rls = 2C r jk . 

By the above equation, we obtain 

2 v v' 2vv't 2v 2 

G ir d r G jk = -C l3k + — {gjiPk+gikPj ) + (_ + __ + -^) PlP3 p k . 12-,) 

where Cij k = gi r Cj k . From (|2"5jl we get 



Sfcij = —^(gikPj - ffjfcPi)- (26) 
ap 

By a straightforward computation, it follows that Nj(d i ,d^) = 0,Nj(d l ,8j) — 0, whenever 
Nj(5i,Sj) = 0. Therefore, from relations (|2"4")l and (j2"rJ)l . we conclude that the necessary and 
sufficient conditions for vanishing the Nijenhuis tensor field Nj is obtained, so that J is a 
complex structure. Thus A ki j — and (|2"3"|) hold. □ 
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In equation (|23l) . we put — c, where c is constant. Then we get 

Rkij = c(9]kPi - 9ikPj)- (27) 

Theorem 3.4. Let (M, K) be a Cartan space of dimension n > 3. Then the almost complex 
structure J on T*Mq is integrable if and only if {27jj is hold and the function v is given by 



v = -ca(3 2 . (28) 

Proof. From equation Pi \ k = of relation (fT4"]l . we conclude that Si Pk = Nik- Hence the 
tensor field A k ij takes the form A k ij = 5igj k — o~j9ik + 9ird r Nj k — gj r d r Ni k and by part {Hi) 
of Proposition 2.3 in chapter 7 of [IT] , it vanishes for Cartan spaces. Now we let v = —ca/3 2 , 
then from equation Akij = and Theorem 13.31 we conclude that J is integrable if and only 
if (EU) is hold. □ 

A Cartan space K n is of constant scalar c if 

H UjkP i pPX h X k = c{g h] g lk - g hkgij )p l p> X h X k , (29) 

for every (x,p) 6 T *M and X = (X 1 ) e T X M. Here H hi j k is the (hh)h-curvature of the 
linear Cartan connection of K n . 

We replace Hhijk in (|2l?)) with gi S H^ k and so it reduce to 

p s H? l]kP >X h X k = c( PhPk - K 2 g hk )X h X k . (30) 

By part (ii) of Proposition 5.1 in chapter 7 of [TTJ, p s H^j k = —Rhjk, hence we get 

R h]k p>X h X k = c(K 2 g hk ~ PhPk )X h X k , 

or equivalently 

RhjkP 3 = c(K 2 g hk - PhPk), (31) 

because (X h ) and X k are arbitrary vector fields on M. It is easy to check that (pTTj) follows 
from (|2T|) . Hence we conclude that if (|27l) is hold, then Cartan space K n has the constant 
scalar curvature c. 

Theorem 3.5. Let (M,K) be a Cartan space with constant flag curvature c. Suppose that 
v is given by 128\) . Then 

(i) for negative constant c, structure (T*Mq,G,J) is a Kdhler manifold; 

(ii) for positive constant c, the tube around the zero section in T*M , defined by the condition 
It = K 2 < -gpj-, is a Kdhler manifold. 

Proof. The function uv must satisfies in the following condition 

a + 2tu = a(l + 2(-c)/3 2 r) > 0, a, (3 > 0. (32) 
By using the above relation and Theorem 13.41 we complete the proof. □ 



By attention to above theorem, the components of the Kahler metric G on TMq are 
given by 



Gij = ±g tJ - cf3y iyj , 
H%j = ftgij + Tz^r^yiVj- 



(33) 
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4 A Kahler Einstein Structure on Cotangent Bundle 



In this section, we study the property of (T*Mq,G) to be Einstein manifold. We find 
the expression of the Levi-Civita connection V of the metric G on T*Mq. Then we get 
the curvature tensor field of V, and by computing the corresponding traces we find the 
components of Ricci tensor field of V. 



4.1 The Levi-Civita connection of G 

Here we determine the Levi-Civita connection of the Kahler metric G. Recall that for 
Cartan space with Cartan connection, the relation P?, = HL — d 3 Nik is hold, and so we 
have [Si, d 3 ] = {Pfj. — H } ik )d k . Also the Levi-Civita connection V of the Riemannian manifold 
(T*Mo, G) is obtained from the formula 

2G(V X Y, Z) = X(G(Y, Z)) + Y(G(X, Z)) - Z(G(X, Y)) 

+ G([X, Y], Z) - G([X, Z],Y) - G([Y, Z],X), VX, Y, Z e T(T*M ), (34) 

and is characterized by the conditions VG = and T — 0, where T is the torsion tensor of 
V. By the above equation we have 

2G{V b% d 3 , d k ) = d l G{d 3 ,d k ) + &>G(d\d k ) - d k G(d\ d 3 ) 

= *W* + T^*V) + + i^/^ 

- m-c» + jf^yM + T^M- <«> 

Also, we obtain 

2G(V 6 ,d 3 \5 k ) = -8 k G0\d j )-G([d i ,S k ],d j )-G([d j ,6 k ],d i ) 



Since g l h k — and 8kP l = —p r Hl k are hold for Cartan connection, then by the above 
equation we get 

2G(V*#, 6 k ) = l Xc^T {HlkpJ + H ' kpl ~ Hkrp3 Hlpl)pT + P {Pkr + Pk - )9 " ~ 9 ' 13 \ k 
= f3(Pl r g r3 + P^g"). (36) 

From (l35l) and (l36l). we obtain 



- ^(PLg rj + Pl9")g hk 5 h + (-cl j + c^ Vh )b h . (37) 
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Since G is a Kahler metric, then (M,K) is of constant curvature c, i.e., Rkij = c(gjkPi — 
gikPj)- Hence, we get 

2G(V Si d j ,S k ) = WGVM-GQSMy) 

■ 1 • c/3 3 

= d 3 {-gik - cfipiPk) - Rrik(P9 r3 + ! _ 2c/3 2 t P ^ 

= 2(~C? fc (38) 

where C{ k := ga9khC jlh = 9ilC 3 k ■ Since g 3k ^ = and = p k % = 0, then we have 

c/3 3 
1 - 2c/3 2 t 



Hence, we obtain 

2G(V 5 >',<9' C ) = SiG(d 3 ,d k ) + G([5i,d 3 ],d k ) - G([5 l ,d k },d j ) 
= 5^ + (P? r - H^G rk + (H k r - P k )G r3 
= G jfe |, - 2G r ' £ J fff r + P 3 r G rk - P k G ri 

= -2G rk Hl + PlG rk - P k G r] . (39) 

From fl38l) and (l3"9"l). we have 



V ff< # = (Cf - c0(P h jH)8 h + {\p 3 ih - \ptG rj G kh - Hf h )d h . (40) 
Also from equation 

and (j40|) we obtain 

VfrSj = (Gf - cPG* Pj )5 h - + P^G^Guh)^. (41) 

Similarly, we have 



2G(V 5i ^-,9 fc ) = d k G(6 l ,6 3 ) + G([6 l ,6 1 ],d k ) 
-d k Gij + R r ijG rk 



■ 1 cfl 2 
-d (g9ij ~ cpPiPj) + cj3{g rjPi - g„Pj)(g rk + 1 _ 2( ,m, 1 f v ) 

2 
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G* + 2q9#p i , (42) 



and 



2G(V 4i< S J -, 4) = SiGfaS*) + 6,0(6,, 6 k ) - 6 k G(5 l , Sj) 
— 6iGjk + 6jGik — 6kGij 

jr n ik ' ^rkJ^ij T ^jri r Ilj k ■+■ Lrrkflij — Lj r jll ik: — Ui r Ilj k 

= 2G rk Hr.. (43) 
From (l4"2l and (j4"3"]l . we conclude the following equation 

V tf4 da = flg^ + {-jpC ijh + cpG hjPi )d h . (44) 
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4.2 The Curvature Tensor 



Here, we are going to compute the curvature tensors of V. Recall that the curvature K of 
V is obtained from the following relation 



K(X,Y)Z = V X V Y Z -V Y V X Z - V [x ,y]Z, \/X,Y, Z e T(TM). (45) 
Using (|45p we have 

K{d\£P)d k = V,, V,; d h - V„ V,,, if. (46) 

By ([37]) we get 



V , V, d k = ^((P 3 r g rk + Pt r g rj ) 9 lh )S h + ^(P 3 r g rk + P^ 3 )^ 'frh 

+ (-Cf ' l + + cpG jk 5i)d h + (-Cf + c0G> k p h )V &l d h . (47) 

Since P,! 1 , = fl*, - a h iV r /, iV rZ = and p h ^iV w = iV ri , then ^P/ 1 , = 0. Also we have 

p l Pl\ — p r P r h l = and b k g 13 — —2C ktj . Therefore the following relation deduce from (l47l) 



/? 2 



(if r V* + Pi/9 rj ~ 2Pj> r C trk - 2P k C irj - P % rl C 3kr - P*C 3 h k g rl )g 



jh/~ijk ri\„sl 



pj s~tlia n rk pk /-tlis rj 



cPp,{G> kti + cPG 3k G lh p h - /3C jkl ) 



Jhlpj pi rk , pi pm rfe m , p/c pi rj" , p/c pm rj m \ 

5 \^lr^hs9 + ^lr^hn9 9 9ms + ^lr^hs9 + "lr"hn9 9 9ms) 



P 2 



+c/3G jfe <5* + Cf Cf - Cf 



5 s , 



(48) 



where P^' 4 = d l P 3 r . Since 9V = p l and <9 , p J = <7 y \ then we obtain 

cf3p s {G jk > 1 -G lk ' 3 + c/3G 3k G ih Ph - c/3G lk G jh Ph } = 

With replacing i,j in (|48l) . setting this equations in ([4T>| and attention 
the following 



(49) 

we can obtain 



K{d\d 3 )d 



k_P 2 



(pj<i„rk , pk,i rj pi,j rk pk,j ri pi riirk , ph (~iik rj p h r , i k n r 
\^lr 9 + Ur 9 - Ur 9 - U r 9 - U r U + M^h 9 ~ ^rl U h 9 



+P* l C 3 ' kr )g sl + g rk (P l lr C l3S - P 3 r C Hs ) - PtC lls g ri + P l k r C ljs g ri 



9 lh {PlPL9 rk - PLPL9 rk + PlPZ9 rk 9 nj 9 



>"* P£rPhn9 r 9 m 9n 



+P k r P 3 ls g" — P k r Pl ls g r3 + Pj^P^g" g n 3 g ms P k r PJ^ l g T 3 g n ' l g m s) 
+C ik,j _ C jk,i + cj3G jk 6 i _ c p G ik 6 j + c 3k Cf - Cf Cf 1 9 s . 

By gSl) it follows that 

K{d\5 3 )d k = v„ v, ir - v, v , ir - v [6iM d k . 

From (|4U|) . we have 

Va,V 5j a fc = (Cf M - e 1 8G* h ' i p j - cPG kh 5])5 h + {Cf - cf3G kh Pj )V 6 J h 
+ l{P^~(P^r9 rk 9ur-^}d h 

+\{P k h -P l jr g rk 9iH-2H k h }V 6i d h . 



(50) 
(51) 



(52) 



Putting (pJTf and (l4"Tj) in the above relation yields 



V di V Sj d k = 



c 



ks,i 



c(3G ks ' l Pj - cfiG^S} + C™C l h s - cpCfG Kft p 3 - + cf p 2 G m G ls Pj p s 



~- 9 ls (P k P; i9 rh + P k P^ 9 



+^ 2 9 kh Pj(PL + PLg ri gis) + ~-cF Ps {P? h9 ™ - P] r9 



T:gis{C J P hr g 



k Ah 



_ rk 



+p l rr {c lkr gi s - Wei) - -{p^cf + g^pi s - p;f) 



...rk 



i h 



~ikh - ( 



-Hi 



rrk r~iih 



2 3 r y I 

2H k h G lh ) 



(53) 



Similarly, we obtain 



+ Y P ri H jh9 U 9 hr - C^Cf + c(3 2 C tk g hs p 3 - c 2 p 2 G lk G hs PhPj 

^r{Kig lk 9 hr + P k l9 li 9 hr )(~C jhs + cPG shPj ) + S 3 (-C ik + cf3G* k Ps ) 



2' js 2 " i r ® gis 



+(-C ik + c[}G ik Ph ){-Pl--Pl 
Using (j3"Tl) . we get 



Hj S ) 



(54) 



'-\P^H) h 9 kl + P* x H) h 9 M - P' r \P) h 9 kl ~ P^ h g M ]g sr 8 s 

+l-m h c* k + cpm h G hk Ps + p; h c* k - cp 2 pj h9 hk Ps ]d s . 



(55) 



With a direct computation it follows that 



c^ z G ktl G ls p 3 p h + c z f3 z G lk G ns p jPh - cpG*'*p s - c/3G m C % h s pj - cpG ns C^ Pj 



1 - 2cp 2 T 
2c 3 /3 6 



9 P Pj + 



(1 - 2c/3 2 t) 



2 , 2 P l p k p s Pj 



1 - 2c0 2 t 

c 2 /3 4 



—g ik p s Pj + 



1 - 2cP 2 t 



-J k p s Pi 



(1 - 2c/3 2 r) 2 
c 2 /? 4 



1 - 2c/3 2 r 



P i p k p s Pj + 2c/3 2 C lks Pj 
g ls p k p 3 - 2c(3 2 C Ms p 3 



= 0. 



(56) 
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By using (|5ip - ([55|) and attention to relations Gr- = 0,p s \j — 0, one can obtains the following 



K{d\ Sj)d k = [ - cpG ks 5) + Cf A + CfC% + CfC^ s + ^-P k h P l rl g rh g ls 

+ t { pk h ph g ri g ls _ pl r P W k g ts _ 2 pi ntF k hg mH g U „ 2 P^ h g mi g U ) 



4 ^ih 

if 
2 

if 
2 



-^(P^F} h g kl g sr + P^ h g hl g sr P} h P^g kl g sr - P} h P k l9 hl g sr ) 



'^P\ r Pl t g Tk gi h g mi g ts 

q2 „kh rX% 



5, 

1 -,*!,» 



fiik 
U s\j 



f M pi fikhpl „ri 



+ ^ 2 P l hr g kh g ri gu Pj + 2 P // " ^P 3 r9 rk 9is + - 2 P] r C irk gis ~ P\ r C\ s g rk 
-Hf; - P; h C kh + cf3 2 P; h g hk p s + ^cf:l%g-'', K - />',.„' V - P k g%) 



2 

4 /~w ~lk 



I pk /~tih pi (ii Jrk pi ft 
ft 8 ~ r jr^ls9 ~ r rl^js 



pk fir li ph fiik\ 



(57) 



From (gDJl and (gj), we have 



K(S h 8 )5 k = [R s kji + j 2 (C %kh Cf - C jkh Cp) + c 2 f3 2 ( Pl 6° - Pj 8t)p k 

'^{C ikh P% ~ C ]kh P^) + ^(C tkrU - C jkr{i ) + cg hk (Pt rPj - P>i) 



+c 2 p 2 PhPk (Pf rPl -P l h rPj ) 



(58) 



and 



K{5^8 3 )d k = [\(P k h C^ - P*Cf ) + ^R hiJ (pZ ir g ms g rk + P k mr g ms g rh ) 
+ 2 Y(Pig hs p 1 - Pf h g hs p l - Pfr9 rk P 3 + P 3 W k Pi) 

I _j_ rk ( jjm/-is _ nTips \ . /-iks _ /~iks 



•m rk x 

y yinsj 



8 i (Pgg rh g r , 



1 



x j r^ikh /~i k. h s~i \ 

^2V°i ^jhs — ^ihs) 



+R k ij + c/3RhijG hk p s — -(Pj s \i — P k s \j) + -^{PjhPis ~ PihPfs, 

, _ I pk pw uh _ pk pw lift I pm pw rk _ pm pw rk\ 

"T Ajws \ r ih r i%iil r jh r iu'J < r jr Jr im.y 1 ir r jrnil ) 



_tn rk n 
1 

~4 



( P m H h — P m H h \ 4- -n uh n I P w H k — P w H k i 
\ r jr 11 is r ir 11 js) < c^V yws\ r i u 11 jh r ju 11 ih) 



A (PirPjs9 g-mh PjrPis9 gmhj 



6 s . 



(59) 
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Similarly, from ([57]) and (|H]). we get 



n us/pj pi vh _ pi pj vh , pj p/i tra _ pi ph vj 
9 \ r kh r uv9 r kh r uv9 ' r kh r uv9 r kh r uv9 



,pmph vi jr _ prnph vj ir , pm pi jr _ pm pj ir\ 

kr 1 uva il ymh 1 kr 1 uvil » ymh T * kr 1 urail 1 kr 1 uraB ) 

+ c k' 1 ~ C k' J + c l h °h ~ c k c h + cPG ls 5{ ~ c/3G ls dl 

1 [ c0 2 p k (Pij h - i%jr + iz9' h <i r u„„ - PZ9 lh 9 3T 9ms) 



_(~<J h pi J^r ih P m n^ r n — C^ h P m n ir n -I- C ih P- 7 
^k r hs T <^k r hr9 9ms ^ k ^hr9 9ms 1" L-g Jfe/j 

9 s . 



_r<jhpi i/-ri pm jr _ pj pm 
°s r kh + ^ms r kr9 ^ms*kr9 

Finally, from (|37|), (|30]>. (|4T1) and (|44j) we have 



(60) 



cfviiPi h 9 hs + P S kr9 rJ ) ~ M h Cl s + PLCl l9 ri ) - H'J 



+^9 s \P 3 i r Cl k + PtC ikh g Ti - cp 3 P?y h G hkPl ) + c(3 2 P^ h g hs p k 



-cp 2 Pt9 rj g sl g h kPi - P? h C, 



hs 
ih^k 



C C J is Pk ~ ^Pksli ~ ~p2C j k h C lhs 



-\Si{Hr9 ri 9l.) - \n h Pt + \pLPl9 rh 9 ls - \p l kr Pt9 rj 9lh + ^Cg s 
+ \plPu9 r3 9ms + \p l kr Ht9 ri 9ih + \p l hr H^g ls - cf$G sk o\ - |c&p a 



~C ikh Ci h - \p{ r Hl h 9 rh 9ls + \pkPt + \pi h PU h 9is 



tr. 



(61) 



Theorem 4.1. Let (M, K) be a Cartan space of constant curvature c and the components of 
the metric G are given by \33\) . Then the following are hold if and only if [M,K) is reduce 
to a Riemannian space. 

(i) for c < 0, (T*Mo, G, J) is a Kahler Einstein manifold. 

(ii) for c > 0, (TSMq, G, J) is a Kahler Einstein manifold, where TSMq is the tube around 
the zero section in TM defined by 2r < -p-. 

Proof. Let (M, K) be a Cartan space. Then C k l and P^ k are vanish and H l - k is a function 
of (x h ). Therefore (1551) reduce to 

K(6 i ,6 j )S k = lR s kjl +c 2 (3 2 ( Pl S° -PjSt)p k ]S s . 
From Proposition 10.2 in chapter 4 of [11], we have R k ji = —phR k ji- Then we get 

PhR kji = c(g kj S'l - g kl 5*) Ph . 
Differentiating (p3")) with respect to p s , taking p = 0, yields 

R s kji = c(g k j5l - g ki 5?). 
By putting above equation in (p2")) , it follows that 



(62) 



(63) 



K(Si,Sj)S k = c(3[(^g kj - cf3p k pj)S- - {^g kl - cj3 p k p{)5°]5 s 
= c[3{G kj 5i - G ki 5?)5 s . 



(64) 
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Also from (l6"Tj) . we obtain 

K{d\5 3 )5 k = cPG sk 5)d s . (65) 

From ([Ml) and we have 

Ric{Sj,6 k ) = G u G{K{Si,Sj)S k ,8 h ) + G hi G(K(d i ,6 j )6 k ,d h ), 
= c/3(G kj 6t - G ki 8?)G hi G sh + cf3G sk 8)G hl G sh 
= cn/3G jk 

= cnpG(5j,6 k ). (66) 
Similarly from (|50l) and (|5T[) . respectively, we have 

K(d\ &)d k = cP(G 3k 8\ - G lk 5i)d s , (67) 

and 

K(Si, &)d k = cj3G ks 6{S s . (68) 

Using ([6"T[) and (|6"5[). we conclude that 

Ric(d 3 ,d k ) = G ih G{K(5 i ,d j )d k ,5 h ) + G ih G{K(d\d j )d k ,d h ) 
= c/3G ks 5iG ih G hs + c/3{G jk 8l - G lk 8{)G hl G hs 
= cnj3G jk 

= cn(3G(d j ,d k ). (69) 
By (l57|) and (j59|) .respectively, we have 

K(5i, 8,)d k = (R k sij + c(3Rh, 3 G hk Ps )d s , (70) 

and 

K(8 i ,S j )d k = -cpG ks 8)8 a . (71) 

Using (JTOJ) and (ED), we obtain 

ffic(^-,d fc ) = G*G(ir(<^^ (72) 
From ([BT))) . we have 

K{d\d 3 )8 k = cf3{G ls 8{ - G JS 4)5 S . (73) 
By attention to (|65l) and (1731 . one can obtains 

Ric(^,8 k ) = G ih G(K(S i ,&i)8 k ,8 h ) + G ih G(K(d i ,d^8 k ,d h ) = 0. (74) 

From dMl), ([69]), d72j) and J7JJ, we deduce that 

Ric{X, Y) = cn/3G(X, Y), VX, Y £ x(T*M). 

This means that (T*M, G) is a Einstein manifold. 

Conversely, suppose that the conditions (i), (ii) are hold. Then there exists a real con- 
stant A such that Ric(X,Y) = XG(X,Y). We consider the following cases: 

Case (1). If A = (i.e., (T*M, G) is Ricci flat), then we have Ric(d j ,d k ) = 0. By 
using (p)0"l) . ([5"T]) and definition of Ricci tensor, we obtain 

= p k Ric{d\d k ) = cnP Pk G= k ,,,('!!- + ^-8 s (P^g lk g sr )Pk + ^-8 s (P k g 1 ^ g sr ) P k 



2 



^- g ^ Pk (P^H k h g mh + Pt t H k sh g m >). (75) 
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Since P 3 rl g lk g sr Pk = P 3 rl P l g sr = and S s p k = H% k p h) then we have 

Ss(P?i9 lk 9 sr )Pk = -(5sPk)P? l9 lk g sr 
= -P 3 l9 lk g sr H^ kPh . 

Replacing h and k, changing r to t, and I to m in the above equation yields 

5s {P ] rl 9 lk g sr )Pk = -Pl n g mh g st H k sh p k . (76) 

Similarly, we have 

S s (P k g^g sr )Pk = -PLg m3 g st HshPk. (77) 
With direct computation, we get 

cnpp k & k = cn/3 Pk (W k + C f pPp k ) 

1 — 2cp z r 

-P 3 , (78) 



1 - 2c(3 2 n 



and 

PkC jk,s = -p*ci k = -8 s k C ik = -Cf = -P. (79) 
By using (f75 |> -([75 |) . we obtain 

CUf32 p> + P = 0. (80) 



1 - 2c/3 2 t 

Since pjP = 0, then by contracting ([50)1 with pj, we have 

From the above equation, we conclude that f3 — and this is a contradiction. 
Case (2). If A ^ 0, then we have 

p k Ric{d\d k )^XG lk p k . 
Therefore by using ([57]), §fj^-^, we obtain 



1 - 2c i 8 2 r" 



/ J = (A-cn/3) - ^„ p*. (82) 



By contracting ([52")) with pj , we have 



2/3r 

(A-cn/3) ; = 0, (83) 
1 — 2cp z T 

i.e., A = cn/3. Then from ([52")) . we result that I- 5 = 0, i.e., (M, if) is reduce to a Riemannian 
space. □ 

Corollary 4.2. There is not exist any non- Riemannian Cartan structure such that (T*Mq, G, J) 
became a Einstein manifold. 
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Theorem 4.3. Let (M, K) be a Cartan space of constant curvature c and the components of 
the metric G are given by \3S\) . Then the following are hold if and only if (M, K) is reduce 
to a Riemannian space. 

(i) for c < 0, (T*Mq, G, J) is a locally symmetric Kahler manifold. 

(ii) for c > 0, (TpMo, G, J) is a locally symmetric Kahler manifold, where T^M is the tube 
around the zero section in T*M , defined by the condition 2t < -p- . 

Proof. Let (M, K) be a Cartan space. Using ([50)1 . ([57)1 - ([QT)) . we have computed the covariant 
derivatives of curvature tensor field K in the local adapted frame (Si, d l ) with respect to the 
connection V and obtained in the twelve cases the result is zero. 

Conversely, let (i) and (it) are hold. Thus we get VK — 0. For simplify, we let (M,K) 
be a Berwald-Cartan space. Put 

(VK)(d u ,d i ,S j ,d k ) = Mf ks 6 s + N™ k d s . 

Since (VK)(d u ,b\ 8 ,d k ) = 0, then we have Mf ks = N™ k = 0. Thus we have pP Pl M^ ks = 
0. By a straightforward calculation, we obtain 

pP Vl Mf ks = /,</,, <-;:*"'•" - 2cf3T(G ks > u + G kh Cl s + G uh C k h s + G hs Cf) 

+ 2c 2 f3 2 T(G us G kh + G uk G hs ) Ph . (84) 

By a direct computation, we have 



Also, we obtain 



B B 2 rB A 

° ° Vh ~ l-2c^r PG "1-2C/3V 5 P + (l-2cW P "' (86) 



B B 2 rB 4 



and 

^ Ph = YZ ^- T v k G- = T3 ^ S V + (T^i^W- (87) 

Putting ([55)1. (1501) and (JHZD in (ED), one can yields 

/<</,, .U/' 4 - = pipiC^ - 2c{3T(-2f3C kus + G kh Cl s + G uh C\ s + G^C^ ). 
Since P iC ks ' 1 — —C ks , then we obtain 

pi^c**,* = 2 ,y"'r;' = 2c fctis . 

Also, since C% s p h ~ 0, then we have 

Gkh/^ius r~iuh/~iks /~ihsr~iuk o/^kus 
h — /i — /i — P^- 7 

Therefore ([55)1 reduces to following 

pPp t Mf ks = 2(1 - c/3 2 T)C kus . (89) 
Since p^piM™ ks = 0, then by ([8"9")l . we have (7 fc " s = 0, i.e., if is a Riemannian metric. □ 

Corollary 4.4. There is not exist any non- Riemannian Cartan structure such that (T*Mq, G, J) 
became a locally symmetric manifold. 
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